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Let G be a graph, i.e., finite, undirected, and without loops or multiple 
lines. The square of G, denoted G 2, has the same points as G, and the 
points u and v are adjacent in G 2 if and only if they are joined in G by 
a path of length one or two. This concept was introduced in [I], where 
a criterion is given for a graph to be the square of a tree. A criterion 
for a given graph to be the square of some graph was found by Muk- 
hodpsyay [4]. The main result of the present paper is a characterization 
of those graphs whose squares are planar. In addition, the higher powers 
of a graph are introduced, and the graphs with planar higher powers 
are determined. 
1. BASIC TERMINOLOGY 
This preliminary section is included in order to make the paper 
self-contained. 
A graph G consists of a finite non-empty set of points V(G) and a set 
of lines X(G), each of which is an unordered pair of distinct points. 
The trivial graph consists of one point and no lines. The line x ~ uv 
is incident with each of its points. Two points joined by a line are adjacent. 
The degree of a point u is the number of lines incident with u and is 
denoted deg u. A graph H is a subgraph of G if V(H)c V(G) and 
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X(H) c X(G). The graphs G and H are isomorphic if there is a one- 
to-one correspondence b tween V(G) and V(H) preserving adjacency. 
A path of G joining u and v is an alternating sequence of distinct 
points and lines, beginning with u and ending with v, such that each 
line is incident with the point before it and the point after it. A cycle 
of G is a path of G together with a line joining the first and last points 
of the path. The length of a path or cycle is the number of lines. A graph 
G is connected if every pair of its points are joined by a path. A (con- 
nected) component of G is a maximal connected subgraph of G. A tree 
is a connected graph with no cycles. The line x is a bridge of a con- 
nected graph G if the removal of x from G results in a disconnected 
graph, G -- x. A bridge of G is an end line if it is incident with a point 
of degree 1. The point u is a cut point of a connected graph G if the 
removal from G of u (and hence of all lines incident with u) results in 
a disconnected graph. A block of G is a maximal connected non-trivial 
subgraph of G without cut points. The complete graph with n points, 
in which all pairs of distinct points are adjacent, will be denoted K,. 
The graph obtained by deleting any line from K~ will be denoted K~ -- x. 
The graph consisting of a cycle of 'length n will be denoted Pn (P for 
polygon). The complete bicolored graph, with m "blue" points, n "coral" 
points, and two points adjacent if and only if their colors are different, 
will be denoted Km,n. 
The operation of subdivision of a line uv of G replaces it by a path 
between u and v whose points, except for u and v, are new. Two graphs 
are homeomorphic if isomorphic graphs can be obtained by subdivision 
of some of the lines of each. 
A graph G is planar if it can be drawn on a plane so that no two 
of its lines intersect except at a point of G. A planar graph repre- 
sented in this way is called a plane graph. The exterior cycle of a 
plane graph G which is a block is the unique cycle such that all 
points lie within or on it. 
2. GRAPHS WITH PLANAR SQUARES 
THEOREM 1. A graph G has a planar square if and only if (a) every 
point of G has degree less than or equal to three, (b) every block of G 
with more than four points is a cycle of even length, and (c) G does not 
have three mutually adjacent cut points. 
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We first establish the sufficiency of conditions (a), (b), and (c). For 
this purpose we require the following two lemmas, which enable us to 
concentrate on certain special subgraphs: a burr of G is a maximal 
connected subgraph in which every bridge is an end line. 
In the proof of Lemma 1, we will use the fact that the square of any 
connected non-trivial graph G is a block; hence any plane represen- 
tation of G 2 has an exterior cycle. 
Let G be connected, let x be a bridge, and let G1 and G~ be the com- 
ponents of G -- x. Let G1 § x denote the subgraph of G consisting 
of G1 together with the line x, and let G~ § x consist of G 2 together 
with x. These two graphs are said to result from the splitting of G by x. 
LEMMA 1. The square of a connected graph G with a bridge x is planar 
if and only if (G1 ~- x) z and (G2 ~- x) z are planar. 
PROOF. It is immediate that, if G 2 is planar, then (G 1 -~ x)  2 and 
(G~ -k x) 2 are planar. Conversely, suppose that (Ga -k x) 2 and (G2 q- x) z 
are planar. Then each can be drawn in the plane so that x is a line of 
the exterior cycle [5]. When the resulting plane graphs are joined along 
the line x, a plane representation of G" is obtained, as illustrated in 
Figure 1. 
LEMMA 2. A graph G has a planar square if and only if every one of 
its burrs does. 
PROOF. If the splitting operation is applied successively to the bridges 
which are not end lines of G, the resulting subgraphs are the burrs of G. 
Now we proceed with the proof of sufficiency. In general, a burr of 
G is a maximal connected union of blocks of G, no two of which are 
joined by a bridge. When condition (a) of Theorem 1 holds, two blocks 
of G cannot have a point u in common unless one of the blocks is acyclic 
(i.e., isomorphic to K2). For, if two cyclic blocks have a point u in com- 
mon, then u is adjacent o at least two points in each of the blocks, and 
deg u ~ 4. Thus, if G satisfies condition (a), each of its burrs consists 
of a block B of G, together with all additional lines of G incident with 
points of B. 
Given this observation, it is easy to prove that, if a graph satisfies 
conditions (a), (b), and (e), each of its burrs has a planar square, so 
that we may establish sufficiency by applying Lemma 2. The proof 
consists of considering separately each type of block allowed in (b), 
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adding lines to form the maximal burrs that conditions (a) and (c) 
allow, and drawing the square of each resulting burr in the plane. 
Fortunately, there is a unique (up to isomorphism) maximal burr to 
G: 
U2 V1 
u! u 
v 2 
V 5 
u 2 
v, 
GI§ u x v-" G2u9 + x; x v ~ 
u v 2 
(G + x) z: / / /~x  
.6 , -"  ~ z'- , ,4. 
Ul- V 
(Gz+ x )2: 
v3 
U 
v vt 
G2: ~ Vl 
LIt V FIGURE 1
be considered for each block. Figure 2 gives the constructions required 
for all the blocks with less than five points. 
The method used in drawing the square of the maximal burr associated 
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with/'4 applies to all cycles of even length. To illustrate, we take Ps, 
in Figure 3, add an end line at each of its points, and draw the square 
of the resulting graph in the plane. 
MAXIMAL SQUARE OF MAXIMAL 
BLOCK ASSOCIATED BURR ASSOCIATED BURR 
I 
1 
4 5 
2 I  4 6. 
2 2 
4 
I 3 I -3  
I 3 
6 6 
I 3 
I- -5 I - 3 
2 2 2 
A 
I 3 I 3 I 3 
~ 3  I 3 
3 
FIGURE 2 
These constructions complete the proof that conditions (a), (b), and 
(c) are sufficient for the planarity of G 2. It remains to establish that 
these conditions are necessary. 
In the proof of necessity, we shall make use of Kuratowski's theorem 
[3], which asserts that a graph is nonplanar if and only if it contains a
subgraph homeomorphic to K5 or Ks,z, shown in Figure 4. 
400 HARARY, KARP AND TUTTE 
The necessity of condition (a) of Theorem 1 is argued as follows. 
If G has a point u with deg u ~ 4, then u and four of its neighboring 
points lie in a subgraph of G isomorphic to K1,4, whose square is Ks, 
which is non-planar. 
PR: 
PB + end hnes: 
(P8 + end 
lines ) 2 
Ftotm~ 3 
To prove the necessity of condition (b), we must establish that all 
blocks which have more than four points and are not even cycles have 
non-planar squares. The following two lemmas will be of use in obtaining 
this result. 
KS: ~ K3"3: 
FIOURE 4 
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LEMMA 3. Every odd cycle of length greater than 3 has a non-planar 
square. 
PROOF. Consider all the odd cycles P2n+l with n > 2. The square of 
the smallest such cycle is P5 z = Ks. For n > 3, P~n+l contains asubgraph 
homeomorphic to K3,a. In exhibiting such a subgraph in Figure 5, we 
assume that the points of P2n+l a re  numbered consecutively 1, 2 ... .  , 
2nq- 1. 
FIGURE 5 
LEMMA 4. Let H be a graph consisting of three line-disjoint paths 
between a given pair of points. Then, i f  H 2 is planar, H = K4 ~ x. 
PROOF. Let the points of H be numbered as indicated in Figure 6. 
Let the lengths of the middle, top, and bottom paths joining points 1 
t - I  
o o oo  o o o o 
o o o o o o o o 
~.+1 
FIGURE 6 
and t be kl, k2, and ks, where kl ~< k2 _< ks; hence k I = r -t- 1, ks = 
t -- 1, and k 3 = s -- t + 1. Evidently, s > 4. In the case s = 4, two 
possibilities exist. I f  H =/ (4  -- x, then H 2 =/ (4 ,  which is planar; if 
I 
~st l  
2 
l~ko~E 7 
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H =/(2,3, then H s = K~, which is non-planar. I f  s is odd, s > 5, then 
H 2 is non-planar by Lemma 3. I f  s is even, s > 6, and kl, ks, and k~ 
are neither all even nor all odd, then H s is non-planar, since H contains 
an odd cycle of  length at least 5. Finally, if s > 6 and ks, ks, and ka 
are either all even or all odd, then two cases must be distinguished. 
I f  t ---- 3, then H 2 contains a subgraph homeomorphic to /s as shown 
in Figure 7. I f  t > 3, H 2 contains a subgraph of the form illustrated in 
Figure 8, which is homeomorphic to K~,3. 
FIGURE 8 
In this subgraph, the following paths occur (each is specified by its 
sequence of points): 
{ t+ 1, t- l-  2, t+3,  ..., s -2 ,  s - -  1, s 
1, t if r 0 or 1 
1, s+ 1, s§  . . . . .  s §  1, t if r is even and r~2 
1, s + 2, s § 4, ..., s -k  r - 1, t i f r  is odd and r>3 
1, t - -1  if r=0 
I, sq -2 ,  s+4,  ..., s+r ,  t -  1 if r is even and r>2 
1, s+ 1, s+3 . . . . .  s+r ,  t - -  1 i f r  is odd 
2, 3, 5, 7, ..., t -- 3, t -- 1 if r and t are even 
2, 4, 6, 8, ..., t 3, t 1 if r and t are odd 
t 2, 4, 6, 8, ..., t -- 2, t if r and t are even 2, 3, 5, 7, ..., t 2, t if r and t are odd. 
Clearly the pairs 1, s and 2, s and t + 1, t and t + 1, t -- 1 are adjacent 
in H s. These four lines together with the above five paths constitute Fig- 
ure 8 in all cases. This completes the proof  of Lemma 4. 
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Using Lemmas 3 and 4, we shall now prove the necessity of con- 
dition (b) of Theorem 1. Let G have a planar square and contain a 
subgraph B as a block. Unless B = /(2, B has a cycle C of maximum 
length. Suppose B contains a point u not in C. Let u and w be distinct 
points of C. Since B is a block, B includes a path from u to w passing 
through v, (by Satz 5a in K6nig [2], p. 227). Let ul be the last point of 
C preceding v in this path, and let wl be the first point of C following 
v in the path. Then, u~ and wl are connected by three line-disjoint paths, 
two of them in C, and the third passing through v. By Lemma 4, the 
union of these paths is /(4 -- x, as shown in Figure 9. Then C is of 
~ v 
wf  84 
FIGURE 9 
length 3, since it does not contain the point v. But B has a cycle of 
length 4, contradicting the maximality of C. Thus, we have reached a
proof by contradiction that every point of B is a point of C. If B (and 
therefore C) has more than four points, then, by Lemma 3, C is an 
even cycle, and, by Lemma 4, no two points of C are joined by a path 
not in C. Thus, B must consist only of the even cycle C. This completes 
the proof that condition (b) holds if G 2 is planar. 
Finally, we note that the necessity of condition (c) is immediate. For, 
if G has 3 mutually adjacent cut points, it contains the subgraph of 
Figure 10a, whose square shown in Figure 10b has Ka,a as a subgraph. 
4 5 6 
4 6 
(a) (b) 
FIGURE 10 
Theorem 1 has several immediate consequences. 
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COROLLARY 1. Let T be a tree. Then T ~ is planar if and only if every 
point of T has degree less than or equal to three. 
COROLLARY 2. Let G be a connected graph such that G 2 is planar. Then 
1(4 is a subgraph of G if and only if K4 ~- G. 
COROLLARY 3. Let G have a planar square. Then, if two cycles of G 
have a point in common, the union of the two cycles is Ka -- x. 
The concept of the square of a graph may be generalized to yield a 
definition of arbitrary positive integer powers of a graph, as follows. 
Let G be a graph. By the k-th power of G, denoted G *, we mean the graph 
with the same points as G in which u and v are adjacent if and only if 
they are joined in G by a path of length < k. 
THEOREM 2. The cube of G is planar if  and only if every component 
of G with more than four points is a path. 
PROOF. We shall prove the following equivalent form of the theorem: 
if G is connected and has n points, then G ~ is planar if and only if n ~ 4 
or G is a path. We establish the necessity of the condition by contradic- 
tion. Suppose G is connected, Gz is planar, n > 5, and G has a point u 
such that deg u > 3. If deg u > 4, then u and four of its neighboring 
points lie in a subgraph of G isomorphic to K1,4, whose cube is Ks, 
which is non-planar. If deg u = 3, then u and its neighboring points 
lie in a subgraph of G isomorphic with K1,3. Since n > 5 and G is con- 
nected, some additional point must be adjacent o one of the neighbors 
of u, so that G must have the following subgraph H (Figure 11). But 
H" 
kl 
FIGURE 11 
H 8 =/s Thus, the necessity of the given conditions has been proved 
by contradiction. The proof of sufficiency is quite simple. If n < 4, 
then G 3 is planar because very graph with less than five points is planar, 
since K4 is. If G is a path, then G 8 can always be drawn in the plane in 
the manner illustrated in Figure 12. Thus, the given conditions are 
sufficient. 
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In conclusion, we remark that, for k > 4, G k is planar if and only 
if no component of G contains more than four points. Also, all the 
results extend directly to multigraphs, in which more than one line 
may join the same pair of points. 
FIGURE 12 
8 6 
8 g 
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